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Abstract 

Anti-selfdual Lagrangians on a state space lift to path space provided one adds a suitable selfdual 
boundary Lagrangian. Lhis process can be iterated by considering the path space as a new state 
space for the newly obtained anti-selfdual Lagrangian. We give here two applications for these 
remarkable permanence properties. In the first, we establish for certain convex-concave Hamilto- 
nians Ti on a -possibly infinite dimensional-symplectic space H 2 , the existence of a solution for 
the Hamiltonian system —Ju(t) = d7i(u(t)) that connects in a given time T > 0, two Lagrangian 
submanifolds. Another application deals with the construction of a multiparameter gradient flow 
for a convex potential. Our methods are based on the new variational calculus for anti-selfdual 
Lagrangians developed in [3], and 0. 

1 Introduction 

Given two convex and lower semi-continuous functions (tpi, ^2) on R n , we consider the Hamiltonian 
7i on R 2n defined by TC(x, y) = (fi(x) — ip 2 (y) and we look for solutions for the Hamiltonian system 
—Ju(t) = dTL{u{t)) that connects in time T > 0, the Lagrangian submanifolds 

L\ = {(x, y) G M? n ; —y G Aix + ch/>i(x)} to L 2 = {(x , y) £ R 2n ; y £ A 2 x + dip 2 (x)} . 

where ipi,ip 2 are convex lower semi-continuous functions on W 1 and A±, A 2 are positive (but not 
neccesarily self-adjoint) matrices. In other words, we are looking for a solution on [0, T] for the 
Hamiltonian system: 

x(t) € d 2 H(x{t),y(t)) 
-y(t) G dxH{x(t),y{t)) (1) 

with the following boundary conditions 

-y(0) - Aix(0) G 0ViOKO)) and y(T) - A 2 x(T) G 6%(x(T)). (2) 
* Research partially supported by a grant from the Natural Sciences and Engineering Research Council of Canada. 
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We shall show that a solution can indeed be obtained by minimizing the following functional 

I(x,y) = [ $((x(t),y(i))+$Vy(i),-i^))^+^ 
Jo 

on the space A 2 ([0,T];R 2n ) = {u = (x,y) : [0,T] -> R 2n ;u G L^}, where here $ is the convex 
function $(x, y) = ipi(x) + ip2(y) on R 2ra and <&* is its Legendre transform. The equation is obtained 
from the fact that the infimum is actually 0, which is the main point of the exercise. 
Actually, this is a particular case of a much more general result. For one, the method is infinite 
dimensional and M. n can be replaced by any Hilbert space H and for PDE puposes, the domain 
can be an evolution pair X C H C X* where X is a Banach space dense in H. More importantly, 
the theorem is really about the existence of a path connecting in prescribed time T, two given 
"anti-selfdual" Lagrangian submanifolds in H 2 through an " anti-selfdual" Lagrangian submanifold 
in phase space H 4 . Let us first recall the following notions from [I]. 

Definition 1.1 (1) A convex lower semi- continuous functional L : H x H — > R U {+00} (resp., 
£ : H x H — > K U {+00}) is said to be R-antis elf dual (resp., R-selfdual) for some automorphism 
R:H -> H if 

L*(p, x) = L(—Rx, —Rp) (resp., £*(x,p) = £(—Rx, Rp) ) for any (x,p) € H x H . 
(2) An R-antis elf dual manifold M in H x H is a set of the form 

M = {{x,p) G H x H; L(x,p) + (Rx,p) = 0} 
where L is an R-antiselfdual Lagrangian on H. 
Typical examples are 

= {{x,p) G H x H; ip(x) + ip*(-p) + (x,p) = 0} = {(x,p) G H x H; p G -dijj(x)}. 

and 

= {(x,p) G H x H;iJ)(x) +ip*{p) - (x,p) = 0} = {(x,p) G x H; p G dip(x)}. 

where ^ is a convex lower semi-continous function on H and where R(x) = x for M + ^ and 
= -x for M_^. 

Moreover, if yl : — > iif is a bounded skew-adjoint operator on H, then the following manifolds 
are also (+/) - ASD (resp., (-J) - ASZ?) (See g]). 

M +i ^a = e HxH;ip(x)+ip*(-Ax-p) + {x,p) = 0} = {(a?,j>) eHxH; -p G (A+90)(a:)}. 

and 

M_ iV , jA = {(x,p) eHx H; ip(x) + if)*(—Ax + p) - (x,p) = 0} = {(x,p) £ H x H; p £ (A + dip)(x)}. 

The condition that A is a skew-adjoint operator can be replaced by the hypothesis that it is merely 
positive, i.e., that (Ax,x) > for every x G H. Indeed, one can decompose A into its symmetric 
part A s = ^(Ax + A*x) and its skew-symmetric part A a = ^(Ax — A*x). Then, the manifold 

M + ^ tA = {(x,p) G H x H; -p - Ax G dtp(x)} 
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is equal to the (+/)-ASD manifold 

M +,i>,A a = £ H x H; —p — A a x G <9^(x)} 

where tp(x) = tp(x) + ^(Ax,x), while the manifold 

M -tf,A = {(x,p) e H x H; p - Ax £ dip(x)} 
is equal to the (— 7)-ASD manifold 

M -*,A' = £H xH;p-A a xe di>(x)} 

This will allow us -in the sequel- to reduce many of the proofs for statements concerning bounded 
positive operators to the case where they are skew adjoint. 

Consider now a convex lower semi-continuous function <J> on H x H and let S:HxH^>HxH 
be the automorphism S(p, q) = (q,p), then one can easily check that the following manifold 

M s ,* ■= {((x l ,x 2 ),(pi,p 2 )) € H 2 x H 2 ; (-p 2 ,-pi) G (d 1 ^(x 1 ,x 2 ),d 2 ^(x 1 ,x 2 ))} 

is S-antiselfdual, and can be written as 

M s ,i> := {((xi,x 2 ),(pi,P2)) £H 2 x H 2 ; $(x u x 2 ) + ^*(-S( Pl ,p 2 )) + ((x u x 2 ), S{ Pl ,p 2 )) = 0} 

Our main theorem in section 2 below asserts that under very general conditions, one should be 
able for any time T > 0, to connect any given (+/)-ASD submanifold in H 2 to a given (— I)- 
ASD submanifold in H 2 through a path in phase space (x(t),x(t)) that lies on a given S'-ASD 
submanifold in H 4 . 

The proof relies on the extremely useful fact that if L is an ii-antiselfdual Lagrangian on state 
space and if £ is an i?-selfdual boundary Lagrangian then the following Lagrangian defined by 

r( a _ i Jo L(t,x(t),x(t)+p(t))dt + £(x(0),x(T)) if x e L 2 H 
l+oo elsewhere 

is also an i?-antiselfdual Lagrangian on path space L 2 H [Q,T\. 

In section 3, we exploit the antiselfduality of this new Lagrangian to lift it to another ASD La- 
grangian on a new path space L 2 ([0, S];L 2 H ([0, T}. Applied to the basic ASD Lagrangian L(x,p) = 
(p(x) + p) associated to a given convex lower semi-continuous function if, this leads to the 
construction for any xo € H , T > and S > 0, of surfaces x(t, s) verifying for almost all 
(s, t) G [0, S\ x [0, T] 

— (s,t) + —(s,t) G -d<p(x(s,t)) 

x(0,t) = x a.e. t G [0,T] 

x(s, 0) = xo a.e. s G [0, S]. 

It is clear that this process can be iterated to obtain some kind of a multiparameter gradient flow 
for any convex potential. 
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2 Connecting Lagrangian submanifolds 



As mentioned above, the key ingredient in what follows is the fact that if L is an i?-ASD Lagrangian 
on a space H, then -under suitable boundedness conditions- the Lagrangian C defined in (j3J) is 
then R-ASD on the path space L 2 H . The proof of the main result in this section requires however 
that £ be only partially R-antis elf dual on path space (See [I]) which holds -as proved below- 
without additional boundedness conditions. The infinite dimensional framework required by the 
applications to PDE can be formulated in many settings. We describe some of them in varying 
levels of detail. 

2.1 The Hilbertian framework 

Let H be a Hilbert space with ( , ) as scalar product and let [0, T] be a fixed real interval. For 
a £ (1, +oo), we consider the classical space LJj of Bochner integrable functions from [0, T] into H 
with norm denoted by || • || a , as well as the reflexive Banach space Afj = {u : [0, T] — > H; u £ L^} 
consisting of all absolutely continuous arcs u : [0, T] — ► H, equipped with the norm 

\\u\\ A a = \\ u (°)\\h + ( / N| <ft)«- 
H Jo 

It is clear that JC H can be identified with the product space H x LJj, and that its dual (^4^)* can 
also be identified with H x L H (where ^ + ^ = 1) via the formula: 

(u,(a,p)) „ ={u(0),a) H + [ {u(t),p(t))dt. 

H ' x H JO 

We consider the following action functional on AJj\ 

h, L {u)= [ L(t,u(t),u(t))dt + £(u(0),u(T)) 
Jo 

where 

£ : H x H -> RU {+00} and L : [0,T] x H x H ^ RU {+00} 

are two appropriate Lagrangians. We shall always assume that L is measurable with respect to 
the cr-field in [0, T] x H x H generated by the products of Lebesgue sets in [0, T] and Borel sets 
in H x H, and that £ and L(t, •, •) are convex, lower semi-continuous valued in R U {+00} but not 
identically +00. 

Theorem 2.1 Assume that R is an automorphism of H , that L(t, •, •) : H x H —* R U {+00} is 
R-antis elf dual for each t G [0, T] and that £ is R-selfdual. Assume 

L(t,y,0) < C(l + ||y||#) for y € H and a 1— > £(a, 0) is bounded on the bounded sets of H. (4) 
Then there exists x S Afj such that 

I L/ (x) = inf I L/ (x) = 0. (5) 
For the proof, we consider the functional J£ £ : (A^)* = H X L^ H -^MU {+00} defined by: 

JiM,y{-)):= inf { T L(t,x(t) + y(t),x(t))dt + £(x(0) + a,x(T))}. 
z(-)e^H Jo 

The key to the proof is the following proposition 
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Proposition 2.1 Assume that R is an automorphism of H, that L(t, •, ■) : H x H — ► KU {+cxd} is 
R-antiselfdual for each t G [0, T] and i/iai £ is R-selfdual. Then 

1. The functional J£ £ is convex on H x and its Legendre transform in the duality (H x 
Ljj, Afj) satisfies for any x G A^, 

{J2 e )*(x) = [ L{t, -Rx(t), -Rx(t))dt + £(-Rx(0), -Rx{T)) = I ttL (-Rx). (6) 
J o 

2. If e is subdifferentiable at (0,0) on £/ie space H x L^, i/jen i/tere exists x G stic/i that 
Il,e{x) = ^inf = 0. 

Proof: 1) The convexity of J^x, is easy to establish. Fix now p G AJj and write: 

j;, L (p) = sup sup sup \{a,p(0))+ f [{y(t),p(t))-L(t, U (t)+y(t),u)]dt-£( U (0) + a,u(T))) . 

aeH yeL P H ueA" V Jo J 

Make a substitution u(0) + a = a' G i? and u + y = y' G we obtain 

J/ iL (p)= sup sup sup ((o'-«(0),p(0)) -*(a',u(T)) + / [(y' (t) - u(t),p(t)) - L(t,y' (t),u(t)} dt 
a'eH y > eL e H ueA a H I Jo 

Since u G and u G L^, we have f Q T (u,p) = - J T (u,p) + (p(T),u(T)) - (p(0),u(0)>, which 
implies 

j; jL (p) = sup sup sup {(o',p(0)> + / {<^ + (u,p}-L(t,y'(t),u(t))}di 

- (u(T),p(T)} - £(a',u(T))}. 

It is now convenient to identify A" H with x via the correspondence: (c, t> ) G H x i— > 
c + J t T v(s) ds G and uG^h (u(T), -u(i)) G i? x L%. We finally obtain 

j; iL (p) = sup sup «a',p(0)) + (-c,p(T)} - 

a'EHceH 



+ sup sup { / [{y',p) + (v,p) - L(t,y'(t),v(t))] dt 

y'eLi^^ UO 



T L*(t,p(t),p(t))dt + £*(p(0),-p(T)) 



= / L(t,-Rp(t),-Rp(t))dt + £(-Rp{0),-Rp(T)) 
Jo 

= I e , L (-Rp). 
2) Since R is an automorphism, weak duality gives 

inf Ie,L(u) > sup -Jg L (u) = sup-Ie tL (-Ru) = sup -I^ L (u) = - inf I^ L {u) 

and inf MgA 2 I^^{u) is therefore non negative. 
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On the other hand, if we pick x G 9J£^(0, 0), we get 

-miI e>L (u) = -J^(0) = (JhTix) = h, L {-Rx) > MI itL (u) 

A^ 

H H 

which means that inf^ I^l^v) < 0. It follows that inf^ h^iiu) = Ii,l(—Rx) = 0. 

Proof of Theorem 2.1: It remains to show that the convex functional Je t L is sub-differentiable 
at (0, 0) on the space so as to conclude using Proposition 2.1. But the boundedness 

assumptions on L and £ immediately give 

Ji,L(fl> V) ^ I L (*> y(t),0)dt + £(a, 0) < f C(l + \\y(t) \f H )dt + £(a, 0) 
Jo Jo 

which means that J^l is bounded on the bounded sets of H x lP h and since it is convex, it is 
therefore subdifferentiable at (0,0). 

Theorem 2.2 Let ipi and ip 2 be two convex and lower semi- continuous functions on a Hilbert space 
E, let A\,A 2 : E — > E be bounded positive operators and consider the manifolds 

Mi := M+^Ai = {(xi,x 2 ) £ E x E; -x 2 - AxXi G d^x(xi)} 

and 

M 2 ■■= M-^Ai = {(^1,^2) e E x E; x 2 - A 2 xi G dtp 2 (xi)}. 

Let <J> : [0, T] x K x K — > R be such that $(£,-,■) is convex and lower semi- continuous for each 
t G [0, T] and consider the evolving manifold 

M 3 (t) := MsAt) = {{(xi,x 2 ),(pi,p 2 )) G E 2 x E 2 ; (-p 2 ,-pi) G (d 1 ^(t,x 1 ,x 2 ),d 2 ^>( y t,x 1 ,x 2 ))} 

Now assume that ip\ is coercive and bounded on bounded sets of E, tjj 2 is bounded below with in 
its domain, while for every t G [0, T] we have 

$(t, Xl ,x 2 ) < C(l + \\ Xl \f E + \\x 2 f E ). (7) 

Then there exists x G A ExE such that: 

x(0) G Mi, x(T) G M 2 and (x(t),x(t)) G M 3 (t) for a.e. t G [0,T]. 

We shall need the following easy but interesting lemma. 

Lemma 2.3 Suppose £\ (resp., i 2 ) is an ( +L) -anti- self dual Lagrangian (resp., an (+ 1) -anti- self dual 
Lagrangian on the Hilbert space E x E, then the Lagrangian £ : E 2 x E 2 — > R defined by 

£((ax,a 2 ), (61, 6 2 )) = h(ai,a 2 ) + £ 2 (h,b 2 ) 

is S-selfdual on E 2 x E 2 where S is the automorphism on E x E defined by S(x\,x 2 ) = (x 2 ,xi). 
Ln particular, if if)% and ip 2 are convex lower semi- continuous on E and if A\, A 2 are bounded 
skew-adjoint operators on E, then the Lagrangian £(■, •) : H x H defined by 

£(a, b) := ^i(ai) + ^1{-A iai - a 2 ) + V> 2 (&i) + ^(rMh + h) 

is S-selfdual. 
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The proof is left to the interested reader (See also [1]). 



Proof of Theorem 2.2: In view of Remark 1.2, we can assume without loss that Ai and A 2 are 
skew adjoint operators. Let H = E x E and consider the S-anti-selfdual Lagrangian on H x H 
defined by 

L(t,x,p) := $(t,z) + $*(t,-Sx) 
as well as the .S-selfdual boundary Lagrangian t : H x H defined by 

£{a, b) := Vi(ai) + ^{-A^i - a 2 ) + ^2(61) + i>* 2 {-A 2 b x + 62). 

Since xi,x 2 ) < C(l + ll^ill^- + ||^2 ||^)Vt G [0,T] and since 99 is coercive and bounded on 
bounded sets, the functional defined on A ExE [0, T] by 

I L/ (u) = / ($(t, u(t))+$*(t, -5u(t)))rft+V' 1 (u 1 (0))+^(-^iu 1 (0)- U2 (0))+V'2(w 1 (T))+^ 2 *(-^2Ui(T)+u 2 (T)) 



satisfies all the hypothesis of Theorem 12.11 Hence there exists x(-) 6 A ExE such that Ii^{x) = 0. 
Therefore, 

T 

$(t,x(i)) + **(*, Sx(t))dt 





+Vi(x!(0)) + $K-A ia;i (0) - x 2 (0)) + V 2 (xi(T)) + ^*(-A 2 xi(T) + s 2 (T)) 

T 







> / (x(i), -Sx(t))dt + Vi(xi(0)) + ^(-Aixi(0) - x 2 (0)) + MMT)) + rp* 2 {-A 2 x x {T) + x 2 (T)) 

T '^hp^dt + ^( Xl (0)) + ^(-Aixi(0) - x 2 (0)) + ^(xi(T)) + ^(-A 2 xi(T) + x 2 (T)) 

= (xi(0) J X2(0)) + ^ 1 (xi(0)) + ^(-A 1 x 1 (0) -x 2 (0)) 
-<xi(T),x 2 (T)} +^ 2 (xi(T)) + ^(-A 2 xi(T) + x 2 (T)) 

> 0. 

This means that every inequality in this chain is an equality, hence three applications of the limiting 
case in Legendre-Fenchel duality gives: 

-(x 2 (t),x 1 (t)) G (di<f>(x 1 (t),X2(t)),d 2 $(x 1 (t),x 2 (t)))a.e. t £ [0,T] 

-Aixi(0)-x 2 (0) ea^i(xi(0)) 

-A 2Xl {T)+x 2 (T) GdMMT))- 

In other words, x(-) G A| x£ is such that x(0) G x(T) G Mi and -(x(t),x(t)) G A4 3 (t) for 
a.e. i G [0, T] 

Corollary 2.4 Let E be a Hilbert space and 7i(-,-) : E x i£ — > IR be a Hamiltonian of the form 
Ti(xi,x 2 ) = (pi(x\) — if 2 {x 2 ) where (fi,(p 2 are convex lower semi- continuous functions satisfying 

ifl(xi) + tp 2 (x 2 ) < C(l + ||xi||^. + ||x 2 ||£-). 

Furthermore, letipi, ip 2 , A\, and A 2 be as in Theorem \2. 6 A Then there exists (xi,x 2 ) G A ExE ([Q, T]) 
such that for almost all t G [0, T], 

-x 2 {t) G d 1 H(x 1 (t),x 2 (t)) 
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x x (t) G d 2 H{x x {t),x 2 {t)) 
and satisfying the boundary conditions 



-A lXl (0) - x 2 (0) e0^(xi(O)) 

-A 2 xi(r) + x 2 (r) G%(n(r)) 

Proof: This is a restatement of Theorem 12.21 for <3?(xi,X2) = <^i(xi) + (p 2 (x 2 ). 

Corollary 2.5 Let E be a Hilbert space and let ip be a convex lower semi- continuous function on 
E satisfying tp(x) < C(l + IMI^)- Let ipi, ip 2) A\, and A 2 be as in Theorem \2. 6 A Then there exists 
x G Ag([0, T\) such that for almost all t G [0, T], 

x(t) G dip(x(t)) 
-x(0) G 9^i(a;(0)) + Aix(0) 
x(T) G dxl) 2 {x{T)) +A 2 x(T). 

Proof: It si enough to apply the above to <p 2 = <p and <pi(xi) = ^II^iIIh- 
2.2 The non-Hilbertian case 

In the infinite dimensional setting -more suitable for applications to PDEs- we need the framework 
of an evolution triple X C H C X* , where H is a Hilbert space with (, } as scalar product, and X 
is a dense vector subspace of H, that is a reflexive Banach space once equipped with its norm || • ||. 
Assuming the canonical injection X — * H, continuous, we identify the Hilbert space H with its dual 
H* and we "inject" H in X* in such a way that (h,u)x*,x = (h,u)jj for all h G H and all 
This injection is continuous, one-to-one, and H is also dense in X*. In other words, the dual X* 
of X is represented as the completion of H for the dual norm \\h\\ = sup{(h,u) H ; \\u\\x < 1}- 
We shall consider here evolution equations with two types of initial conditions. The first ones 
are those involving bounded operators in the initial conditions, or boundary Lagrangians on the 
ambiant Hilbert space H such as Hamiltonian systems of the form: 

p(t) G d 2 H(p(t),q(t)) 
-q(t) G d x H(p{t),q{t)) 
p(0) = -<?(0) & p{T)=q{T). 

We would also like to consider more complex initial conditions: 

p(t)£d 2 H(p(t),q(t)) 

-q(t)^d l H(p(t),q(t)) 
-A lP (p)-q(0) G00i(p(O)) 
-A 2 p(T) + q(T) £ 8MP(T)) 

where tpi, tp 2 may only be finite on the space X. 
For the first system the spaces to consider are 

A a HX ,={u:[0,T}^X*; U (0)eH,ueL x ,} 
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equiped with the norm HmH^a" „ = ( f \\u(t)\\ x ,dt) + ||u(0)||h for 1 < a < oo. 
For the second system we will need the space 

A%, = {u : [0,T] -» X*; uku£L x *} 
equipped with the norm = ||u(0)||x* + (/ IHI"*^)" • 

Since the proof of existence for both equations is similar in spirit, we will only show the detailed 

proof for the second initial value problem. The other case is left to the interested reader. 

It is clear that A x , is a reflexive Banach spaces that can be identified with the product space 

X* x L x *, while its dual (^4^-*)* ~ X x L x where ^ + 4 = 1. The duality is then given by the 

formula: 

( a 'P))Aj„,Xxi4 = ( n (°)' a ) + / (u(t),p(t))dt 

J 

where (•, •) is the duality on X, X* and (•, •) is the inner product on H. 

Let I : X* x X* — > R U {+00} be convex and weak*-lower semi-continuous on X* x X* , and let 
L : [0, T] x X* x X* -> R U {+00} be measurable with respect to the cr-field in [0, T] x X* x X* 
generated by the products of Lebesgue sets in [0, T] and Borel sets in X* x X* , in such a way that 
for each t E [0,T], L(t, -, ■) is convex and weak*-lower semi-continuous on X* x X*. 

Definition 2.6 Let R : X* — > X* be any map. We say that L is R-anti- self- dual and I is R-selfdual 
on X if for all (p, s) G X* x X* , we have 

(£\xxx)*(p,s)=£(-Rp,Rs) and (L t \ XxX )*(t,p, s) = L(t, -Rs, -Rp). 

where (Lt\xxx)* an d (£\xxx)* denote the Legendre duals of the restrictions of Lt = L(t,-,-) and £ 
to X x X. 

To any such a pair, we associate the action functional on A x , by: 

h, L {u)= f L(t,u(t),u(t))dt + £(u(0),u(T)) 
Jo 

as well as the corresponding "variation function" Jf L defined on (A x *)* = X x L x by 

Jf L (a,y) = inf{ / L(t, u + y, u)dt + £(u(0) + a, u(T)) ; u € A%.} 
Jo 

Theorem 2.7 Suppose that R : X* — > X* is an automorphism whose restriction to H and X is 
also an automorphism on these spaces. Suppose that for each t G [0, T], the Lagrangians L(t, •) and I 
are two proper convex and weak* -lower semi- continuous functions on X* x X* such that L is R-anti- 
self-dual and £ is R-selfdual on X . Suppose that for some a G (1, 2], Jf L : X x L x -^RU {+00} 
is sub- differentiate at (0,0), then there exists v G A x * such that: (v(t),v(t)) G Dom(L) for almost 

all t G [0, T], and Ie,L,(v) = inf I£,l(u) = 0. 

A x* 

Theorem 12.71 can be proved just like Theorem 2.1 above. The only serious change occurs in the 
following lemma whose proof we include. 

Lemma 2.8 Under the above conditions, we have J£ L (p) > I^ i{—Rp) for all p G A x ,. 



9 



Proof: For p G A x „ , write: 

JIl(p) = SU P SU P SU P {{a,p(0))+ [ [(y,p)-L(t,u + y,u)]dt-£(u(0)+a,u(T)) 
aex yeL P x ueA j„ L Jo 

Set F d = j-u G A\, ; u G L^} C A\, . Then 

«/; L (p) > sup sup sup {(a,p(0)) + / [-L(i,u + y,-ii) + (y,p)]dt-€(u(0) + a,«(r)) 

Make a substitution u + y = y' £ L x to obtain 
Jil(p) - SU P SU P SU P i ( a > 

p(0)) - £{a + «(0), «(T)) + / \{y' -u,p)- L(t, y', u)]dt 

a£X,. /<Z Tp u£F L JO 



Set now S = {u : [0, T] -> X; u G L^, « G l£, «(0) G X}. Since /J > 2 > a and || • < C\\ ■ \\ x , 

we have S 1 C ,4" n L% = F and 

— x* X 

JIl(p)> sup sup sup{(a,p(0)) + / [(y',p) - - L(t, y' , u)}dt - £{a + u(0), u(T)) 

a&X y i^L () x u£S < J° 

substitute u(0) + a = a' G X and write 

■7? >L (p) > sup sup sup((a'-u(0),p(0)) + / [(y',p) - (u,p) - L(t,y' ,u)]dt - l(a! ,u(T)) 

Since u G L x and u G L x , we have J Q T {u,p)dt = - J^{u,p)dt + (p(T),u(T)) - (p(0),u(0)). which 
implies 

j;, L (p)> sup sup sup((a',p(0)) + / {(y f ,p) + (u,p)-L(t,y f ,ii)}dt-( U (T),p(T))-£(a',u(T)) 
a'eH y , eL i^ ues I Jo 

It is now convenient to identify S = {u : [0,T]->X;u£ L x , u G L x , u(0) G X} with X x L^- via 

the correspondence (c, t>) G X x L x i-> c+ J^v(s)ds G 5 and u G S h-> (u(T), -«(*)) G X x L^. 
We finally obtain 

j; >L (p) > supsup{(a , ,p(0)) + <-c,p(r)>-^(a , ,c)} 

a'GX c£X 



+ sup sup// [(y',p) + (v,p) - L(t,y',v)]dt\ 
= f L*(t,p(t),p(t))dt + r(p(0), -p(T)) 

JO 

= / L(t,-Rp(t),-Rp(t))dt + £(-Rp(0),-Rp(T)) 
Jo 



= I e , L (-Rp). 
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An application to infinite dimensional Hamiltonian systems: Let now Y be a reflexive Ba- 
nach space that is densely embedded in a Hilbert space E. Then the product X := Y x Y is clearly 
a reflexive Banach space that is densely embedded in the Hilbert space H = E x E. Therefore we 
have an evolution triple X C H C X* . 

We shall consider a simple but illustrative example. Let <fi,(p 2 be convex lower semi-continuous 
functions on E whose domain is Y and is coercive on Y. Define the convex function $ : H — > 
RU {+00} by $0) = tp(yi,y 2 ) ■= <fi(yi) + ^2(2/2)- 

Finally, define the linear automorphism S : X* — > X* by 5x* = := (y|, y*). Clearly S is 

an automorphism whose restriction to H and X are also automorphisms. 

Consider now the Lagrangians L : X* x X* -»MU {+00} defined as: 

L{x,v) = *(x) + (*\x)*{Sv) (8) 

Now for the boundary, consider convex, lower semi-continuous functions ipi, ip 2 - Y* — > R U {00} 
assuming that both are coercive on Y. To these functions we associate the boundary Lagrangian 
£ : X* x X* ^lU{+oo} by: 

*((ai, a 2 ), (61 , fe)) = Vi(ai) + (^i|x)*(-a 2 ) + ^(61) + (Hx)*(b 2 ) (9) 

It is then easy to show that L is S-anti-selfdual on X* x X* since the convex function is coercive 
on X and that £ is .S-selfdual. 

Proposition 2.2 Suppose that fj(y) < C(||y||y + 1) /or j = 1, 2, i/wf ^1 is bounded on the bounded 
sets ofY and consider the Hamiltonian H(p, q) = <pi(p) — ^p 2 (q)- Then for any T > 0, there exists 
solutions (p, q) G AJj x , for the following Hamiltonian system: 

p(t) G d 2 H(p(t),q(t)) 
-q(t) G d x H(p{t),q{t)) 

-p(0)e%(?(0)) & p(T) g dip 2 (q(T)). 



It can be obtained by minimizing the following functional on the space A a 



H,X* 



J(p, q) = [ T p((p(t), g(t)) + (¥>!*)*(-?(*), + ^((P(0), 9(0)), (p(T),q(T))) 







where ip is the convex function ip(p, q) = (fi(p) + <£>2(<?) and £ is as in fity. 

Proof: We wish to apply Theorem 2.7 to the S-anti-selfdual Lagrangian pair (L, £) defined above, 
so we must check that Jf L : H x L x -^MU {+00} is sub-differentiable at (0, 0). To do this we use 
the assumption on <pj to obtain the inequality: 

Jf L {a,v) = M{[ L(t,u + v,u)dt + £(u(0) +a,u(T)) ; u G A x *} 
Jo 

< / L(t, v, 0)dt + £(a, 0) 







< C(^- + £\\vf x dt + l). 
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Again, since Jf L is bounded on bounded sets of H x L^-, we conclude that it is sub differ entiable 
at (0,0). Thus there exists x(-) = (j?(-)> <?(•)) e ^x* sucn that Il/{x{-)) = 0. Therefore, 



o 



o 







T 

L(t,x,x)dt + £(x(0),x(T)) 

T 

tp(x) + + €{x(0),x(T)) 

o 

> - / (x,Sx)dt + £(x(0),x(T)) 

T ^T dt + ^ (0)) + + MP(T)) + (^|x)*(5(T)) 

= (p(0),g(0)) - (p(T),q(T)) +Vi(p(0)) + (^i| x )*(-g(0)) + ^(p(T)) + (V>2|x)*(CO) 

> o. 

Therefore every inequality in this chain is actually an equality. We conclude that —Sx(t) € <9<l?(2;(i)) 
for almost all t € [0, T] and that 

<p(0),g(0)> + Vl(p(0)) + (^l|x)*(-?(0)) = -(p(T),q(T)) +ih(p(T)) + (HxT(q(T)) = 

By the definition of S* and $ and Fenchel inequality, this is precisely a solution of the equation 
above. 

3 Two-parameter gradient flows 

Behind the results of the previous section is the fact that an R-antiselfdual Lagrangian on a Hilbert 
space H lifts to an R-antiselfdual Lagrangian on path space. So far, we only needed anti-selfduality 
on the elements of A\ x {0}. However, we have the following stronger stability result announced 
in [3] and proved in For clarity we shall restrict ourselves to ASD-Lagrangians (i.e., R{x) = x). 

Lemma 3.1 Let H be a Hilbert space and let L : [0, T] x H x H — > M. be an anti-selfdual Lagrangian 
such that for every p € H and t € [0, T] the map 

x i — ^ L(t,x,p) is bounded on the bounded sets of H . (10) 

Then for every xq € H, the Lagrangian defined on L^([0,T]) x L%([0,T]) by 



C(x,p) :-- 



J J L(t,x(t), §(t) +p(t))dt + i||x(0)|& + 2(x 0> x(0)> + \\x \\ 2 H + \\\x{T)f H if x (.) € A\, 
oo otherwise 



is also an ASD Lagrangian on L^([0, T]) x L^([0,T]). 

Proof: Note that this also follows from a more general result established in [Sj. Indeed, since 
L(t,x,p) is an anti-self-dual Lagrangian on H, the map 

(x(-),p(0) ^ / L(t,x(t),p(t))dt 
J o 

is an ASD Lagrangian on the path space L^([0, T]) x L^([0, T]) (See [3])- Now, using the ter- 
minology of jH], the map ih ^ (with domain A^([0, T])) is skew-adjoint modulo the boundary 
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operator x — > (x(0), x(T)) on the Hilbert space L^([0, T]). Therefore £ is also an ASD Lagrangian. 

Setting H' := L|r([0, T]) as a state space, and since £(■, •) : i?' x ii 7 — ► R is now an anti-selfdual 
Lagrangian on H', we can then lift it to a new path space L 2 H , ([0, 5]) and obtain a new action 
functional 

f s dr 
l{x(-)):= J C(x(s),-(s))ds + e'(x(0),x(S)) 

that we can minimize on A 2 H ,([0,S\). Here is the main result of this section. We recall from [S] 
that the partial domain Domi(<9L) of a Lagrangian L is defined as: 

Domi(<9L) = {x G H; There exists p G H such that — (p, x) G dL(x,p)}. 



Theorem 3.2 Let H be a Hilbert space and L : H xH — > R be an ASD Lagrangian that is uniformly 
convex in the first variable. If xq G Domi(<9L), then there exists x(-,-) G ^4 2 ([0, 5]; L^([0, T]) such 
that x(s, •) G j4|^([0,T]) for almost all s G [0, 5] and 



f f dx ox 

J J L(x(s,t),—{s,t) + —(s,t))dtds 

+ J (i||x(a,0)||^-2(x( S ,0),xo> + lko||H + ^p(s,T)||^)d a 

+ f T (h*(P,t)f H - 2{x(0,t),x ) + \\x \\ 2 H + hx(S,t)f H )dt. (11) 



Furthermore, for almost all (s,t) G [0,5] x [0, T], we have 

diC , , c^x , . , , , Qx , . Qx> , , , , , 

G d^x&t),— (s,t) + — (s,t)) (12) 

-£(*,*) G d2L(x(s,t),— (s,t) + — (s,t)) (13) 
x(0,i) = x a.e. t G [0,T] (14) 
x(s,0) = xo a.e. s G [0,5]. (15) 

We first note that if L satisfies the boundedness condition (|10j) then the conclusions of the theorem 
are easy to establish as shown in the following Lemma. The main difficulty of the proof is to get 
rid of this condition. 

Lemma 3.3 Let L : [0, T] x H x H — > R be an ASD Lagrangian on a Hilbert space H such that 
L(t, •, •) is uniformly convex in the first variable for each t G [0, T] while verifying condition hl(J\) . 
Ifx G Domx(aL) then there exists £(•,•) G vl 2 ([0, 5]; L 2 H ([0, T}) such that x(s, •) G A 2 H ([0,T]) for 
almost all s G [0,5] and satisfying properties (12) -(15) above. 

Proof: According to Lemma 13.11 C is a uniformly convex ASD Lagrangian on H' := L|x([0,T]). 
Since G Domi((9L) we have that G T)omi(d£). Therefore by Theorem 4.1 of [S], we can find an 
x(-) EA 2 H ,([0,S]) =A 2 ([0,S];L 2 H ([0,T])) such that 

T £(x(t),x(t))dt + ^||x(0)|| 2 H , + \\\x{T)f H ,. 
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From the definintion of £, we get that x(s, •) G Ajj([0,T]) for almost all s G [0,5] while satisfying 
We therefore get the following chain of inequalities: 

c^x <9x 
y L(t,x(s,t),—(s,t) + —(s,t))dtds 

+ y (ip(s,0)||l r -2(x(s > 0),xo) + ||so||^ + 5p(8 ) T)||yds 

+ ^ (l||x(0,t)|||, - 2<x(0,t),x ) + ||*o|& + ^||x(5,t)||?r)dt 

f s l' T dx dx 

> J J -(x(s,t),—(s,t) + —{s,t))dtds 

+ y 5 (^(s,0)||^-2(x( S ,0),xo) + ||xo||^ + ^p( S ,r)||^) ( i S 

+ f ~ 2(x(0,t),x ) + \\x \\ 2 H + ^\\x(S,t)f H )dt 



> [ ||x(0,t) - x \\ 2 H dt + [ ||x(s,0) - x \\ 2 H ds > 0. 

Jo 



This means that for almost all (s,i) G [0,5] x [0,T] 

dx dx dx dx 

x(s,i) G d 2 L(t,x(t), — (s,t) + ^M)) 
x(0,t) = x a.e. t G [0,T] 
x(s, 0) = xq a.e. s G [0, 5] 

In the next proposition we do away with the assumption of boundeness of the ASD Lagrangian L 
that was used in Lemma 13.31 The argument we use is similar to that in 8.. We first A-regularize 
the Lagrangian L then derive some uniform bounds to ensure convergence in the proper topology 
when A goes to 0. To do this we need to first state some precise estimates on approximate solutions 
obtained using inf-convolution. Recall first from [3] that the Lagrangian 



L\(x,p) := inf {L(z,p) + ^\\ x ~ 4h} + ^\\p\\h 



is anti-selfdual for each A > 0. 



Lemma 3.4 For a given convex functional L : H x H — > M U {+00} and A > 0, denote for each 
(p, x) G H x H, by J\{x,p) the minimizer of the following optimization problem: 

Then for each (x,p) G H x H , we have 



diL x (x,p) = X JX X {X,P) G d 1 L(j x (x,p),p). (16) 
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Proof: This is left to the reader. 

Lemma 3.5 Assume L : HxH — > R is an anti- self dual Lagrangian and let L\ be its X-regularization, 
then the following hold: 

1- If~(y,x) = dL x (x,y), then necessarily -(y,J\(x,y)) G dL(j\(x,y),y) . 

2. If xq G Domi(9L), then H^aII-H" < \\p\\h whenever y\ solves —(y\,xo) = dL\(xo,y\) and p 
solves — (p,xo) = dL(xQ,p). 

Proof: (1) If — (y, x) = dL\(x, y) then L\(x, y) + L* x (—y, —x) = —2{x, y) and since L is an ASD 
Lagrangian, we have L\(x,y) + L\(x,y) = —2{x,y), hence 

-2{x,y) = L x (x,y)+Lx{x,y) 

= L-i-y, - Mx ,y)) + L(J»(x,»),,) + 2 ( ibf + Mil + 

> -2{y,J x (x,y)) +2{-x + J x (x,y),y) 
= -2(l,»). 

The second last inequality is deduced by applying Fenchel's inequality to the first two terms and 
the last two terms. The above chain of inequality shows that all inequalities are equalities. This 
implies, again by Fenchel's inequality that — (y,J\(x,y)) G dL(j\(x, y), y) . 

(2) If —(y\,xo) = dL\(xo,y\), we get from the previous lemma that 

x ~ J\(x ,y\) „ / . s x 
-2/A = ^ e diL{J x (x ,y x ),yx), 

and by the first part of this lemma, that 

-(yA,«^\(a;o,yA)) G dL(j x {x ,yx),yx)- 

Now since xo G Domi(<9L), there exists p such that (— p, —xq) G dL(xo,p). Setting v\ = J\(xo,y\), 
and since — (y\,v\)) G dL(v\,y\), we get from monotonicity and by the fact that y\ 



V\-XQ 
A ' 



< ((x ,p) - (v\,y\), (d 1 L(x ,p),d 2 L(x ,p)) - (-y\,-v\)) 
= ((xo,p) - (v\,y\), {-p, -x Q ) - ( X ° Vx , -v x )) 

II l|2 

- + {v\ - xq,p) + (p, v x - x Q ) - (y x , v x - x ) 



A 

= -2 |g °7 Al11 +2(vx-x ,p) 
which yields that l|rro ~ A " A||g < \\p\\ H and finally the desired bound ||y A || < ||p|| for all A > 0. 

Lemma 3.6 Let L : H x H be an anti-self-dual Lagrangian that is uniformly convex in the first 
variable. If xq G Domi(<9L) and if x( ) G ^^-([OjT] satisfies 



J L(x(t),x(t))dt + 1\\x(0)\\h + \\xo\\h + (x(.0),x o ) + \\\x{T)f H = 0, 
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then we have the estimate 

f T \\i(t)\\ H dt<T\\ P0 \\ H , (17) 
j o 

where po is the point that satisfies — (po,xq) G dL(xo,po) 

Proof: By the uniquenss of the minimizer established in [Sj, x(-) is the weak limit in yl^([0, T]) of 
{x\( ) G C 1 ' 1 ([0, T])} where (—x x (t),—x x (t)) G dL x (x x (t),x x (t)), x x (0) = xq. 
Standard arguments using monotonicity shows that ||xa(*)||j? < ||^a(0)||h f° r all t G [0, T]. Since 
(— x\(0), —xq) G dL\(xo, x\(Q)), Lemma 1331 shows that |[xa(0)||.h" < ||po||i? f° r an A > 0. Therefore, 
letting A — > and by weak lower semi-continuity of the norm we get that \\x(t)\\ H dt < T\\po\\ H . 

Proof of Theorem 3.2: Apply Lemma to L x we obtain an x x (-) G A 2 ([0, S]; L 2 H ([0,T}) 
satisfying for all (s,t) G [0,5] x [0, T] 

at as at as 

-x x (s,t) G d 2 L x {x x {t), ^(s,t) + ^r(s,t)) (18) 

x x (0,t) =x VtG [0,21 
xa(s, 0) = xq V s G [0, 5] 



and 



/ ' s f T dx x dx x . 

= / / A\(za(M), -ttOM) + -r- {s,t))dtds 
Jo Jo dt ds 

+ y (I||£ A ( S ,0)||^ - 2(x A ( S ,0),x } + ||xo||h + ^||xA(s,T)||^)d S 
+ / (^pA(0,t)|||,-2(xA(0,t),xo} + ||xo||^ + ^||x A (5,t)||^)(it. (19) 







, 2 „ iV-.VIIfl x-«v-,-„-«, ■ |,-u„a ■ 2 

Now consider the ASD Lagrangian £ A on L^([0, T]) defined by: 



C x (x,p) := J^a^), + + HWWIh + ilN(r)H 2 H - 2{x ,x(0)} + \\x \\ 2 H if i G A 2 H ([0,T]) 

1 oo else 

Let ^x(-) : [0,5] -» L^([0,T]) be the map s i-> £ A (s,-) G L|([0,T]) and denote by Xq G L^([0,T]) 
the constant map t *— > x . Then by (fTU|) <^a(') is the arc in yl 2 ([0, 5]; L^([0, T])) satisfying 

/ , ' s - ll^WIIra rrnni 11^(5) ||? 2 crn rn 
0= / £ A (* A ( S ) *( s ))ds+ _^dl_2(^ ,^ A (5)) ilf([0iT]) + |^o|lLl f ([o,T]) 

with ^fo E Domi(<9£ A ). Apply Lemma 13.61 to the ASD Lagrangian C x and the Hilbert space 
l h([°' T }) we § et that 



-2 



where 7> A G L^([0,T]) is any arc that satisfies (—V x ,—Xq) G 9£ A (Afo, 'Px)- Observe that if the 
point p x G H satifies the equation — (p x ,xo) G dL x (xo,p x ), then we can just take V x to be the 
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constant arc t i— ► p\. Combining this fact with Lemma 13.51 we obtain that for all s G [0, S] and all 

A > 0, 

" S rT ,,dx x (s,t) , 




ds 



\jjdtds < ST\\ Po \\jj 
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In deriving the above estimates, we interpreted x\(s,t) as a map X\(-) '■ [0,5] — > L^([0,T]). 
However, we can also view it as a map from [0, T] — > L^([0, S]) and run the above argument in 
this new setting. By doing this we obtain that for all A > 0: 

d{tx{s ^"ldtds+ f S [ T \\ dix ^ t] f H dtds <2TS\\ P0 f H . (20) 



o Jo ds J J dt 

Now for any (yi(s,t), v 2 (s,t)) satisfying equation (|T%)) we can use monotonicity to derive the 
bound: 

d „ , .s , .v,| 2 , d 2 



So we obtain 



-\\ Vl (s,t) - v 2 (s,t)\\ 2 H + ^N(M) - v 2 (s,t)\\H < 0- 



\\vi(s,t) - v 2 (s,t)\\ z H ds + I \\vi(s,t) - v 2 (s,t)\\ H dt 



< \\v 1 (s,0)-v 2 (s,0)\\ 2 H ds + \\vi(0,t) - v 2 (0,t)f H dt. 



Now pick vi(s,t) = x\(s,t) and v 2 (s,t) = x\(s + h,t) we get that 



d r T d r s d r T d 



ld -x x (s,t)\\j I ds + II— x x (s,t)\\ H dt < j \\—x x {s,0)\\ H ds + J q (I— x A (0,t)||^rft. (21) 
Setting s = in equation ()18J) we get that for all t G [0, T] 

Therefore by Lemma 13.51 we have that for all t G [0, T] and A > 0, 

||^(0,t) + ^(0,i)|| H <||po||H. 
at ds 

Observe that if we take v 2 (s,t) = x\(s,t + h) we can use the same argument as above to get that 
for all s G [0,S], 

\\^(s,0) + ^(s,0)\\h<\\ P o\\h. 
Therefore, for all s G [0,5], t G [0, T], and A > 0: 

||f ( M + f (0, t )ll„ + llf (.,0) + f (.,0)|h < 2h,||,. (22) 
Combining (J2TJ), and (gUJ) we get that 

^(s,t)\\ 2 H + \\^(s,t)\\Hdtds<C, (23) 




JO 
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for some constant independent of A. If we denote by J x (x,p) the point that satisfies L x (x,p) = 
L(J\(x,p),p) + j \\p\\jj and v x (s, t) to be J x (x x (s, t), ^r(s> t) + (s, t)) , then we can deduce from 
equation (|T%)) that 

dx x , dx\ x x (s,t) -v\(s,t) 

-^r^ ~ -ir^ = a • 

The estimate given by equation (|23|) then implies 

lim / / \\x\(s,t) — v\(s,t)\\j I dsdt = 



Therefore, combining this with (j2.3[) we obtain the following convergence result: 

x x (;-) ^ x(- r ) in A 2 ([0,S];L 2 H ([0,T]) (24) 
x x (;-) - £(.,-) in A 2 ([0,T];L 2 H ([0,S}) (25) 
UA (., .)-£(.,.) in ^([0,5] x [0,T]). (26) 

Write (|T9|) in the form 

-5 rT 



o =jT jT LK( S ,t),^( S ,i) + ^( S ,t)) + ^i^( S ,t) + ^( S ,i)n^ s 

+ ^ ^||x A (s,0)||^ - 2(x A (s,0),x ) + ||a? |& + ^Pa(s,T)||1^s 



+ ^ ^||x A (0,t)||^ - 2(x A (0,t),x ) + \\x \\ 2 H + \\\Z\(S,t)\?Hdt 

and take A — > using the convergence results in (|24|) in conjunction with lower-semi-continuity we 
get 

f s l' T dx dx 

> I I L(x(s,t),—{s,t) + —(s,t))dtds 



JO 

s 



+ J ^\\x{s,0)\\ 2 H -2(s(s,0),x > + II^qUI + i||x( S ,T)||^s 
+ ^ ^PMUl - 2<x(0,t),x ) + l^olll + ~\\x(S,t)\\ 2 H dt > 
Standard arguments then give the desired result. 

Clearly, this argument can be extended to obtain N-parameter gradient flow. We state the re- 
sult without proof. 

Corollary 3.7 Let L(-, •) : H x H — ► R U {+00} be an ASD Lagrangian that is uniformly convex 
in the first variable and let uq € Domi(<9L). Then for all T\ > T2.. > T\r > 0, there exists u € 

N N 

L 2 H (Y\ [0,Tj]) such that J-^- G -^#(11 [0,7}]) /or all j = 1,...,N and which satisfies the differential 

j=o 3 j 11 

equation 

N du N du 

df^ 1 ' -'* JV ) G diL(u(£i,..,tAr),^— (ii,...,tAr)) 

with boundary data u(t\, —,tpf) = uq if one of the tj = 
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We conclude this paper with some remarks. 

Remark 3.8 Let u : [0, T] — > H be the 1-parameter gradient flow associated to an ASD Lagrangian 
L (See 0). Namely, 

du , . n , , , . du XN 
u(0) = u 

If we make the change of variables v(s',t') = u(s' + t'), then v(-, •) obviously solves ()12|). with 
however the boundary condition v(s',t') = uq on the hyperplane s' = — i'. In comparison, Theorem 
13.21 above yields a solution u(-, ■) for (fT2~)) with a boundary condition that is prescribed on two 
hyperplanes, namely u(0, t) = u(s,0) = uq for all (s,t) € [0,5] x [0, T]. 

Remark 3.9 Suppose now u(-, •) : [0, oo) x [0, oo) — > if solve (|12j) with initial boundary condition 
u(0,t) = u{s,0) = uq for all (s,t) € [0, oo) x [0, oo), and consider the change of variable 

v(s',t') = u(s', (1 - C)s' + Ct') 

for some C > 0. Then v(s',t') again solves (j!2|) on the domain 

D = {(/, (')eRx R; s' > 0, i' > (1 - -)s'}. 

The boundary condition for v(s' , t') is 

v(0, t') = u(s', ^E§s') = u for all if > and s' > 0. 
This is essentially a two-parameter ASD flow on the wedge D. 

Remark 3.10 Let now u(-, •, •) : [0, oo) x [0, oo) x [0, oo) — > H be a solution for the three-parameter 
ASD flow. 

9m du du , . _ r , , . <9ii du du 

-^-dS-m {r > s > t)e 9lL(n(r ' s ^d^ + dS + W (r ' s ' * )} 

ii(0, s, i) = u(r, 0, t) = u(r, s, 0) = uq 

With the change of variable v(r' ', s', i') = u( s , ^-jjr - )) u ( r '> s '> O again solves the differential 
equation 

dv dv dv . dv dv dv 

~d?~d^~dF e 1 ^ U, d? + d? + dt i > 

on the domain 

D = {{r',s',t') | s' > -r', r' > -t', s' > -if] 

with boundary conditions 

v(r', s', t') = uq if s' = —r' or r' = —if or s' = —if . 

Looking now at (r',s') as "state" variables and if as the time variable, we see that at any given 
time if ', v(r', s', t') solves the equation on {(r', s') \ s' > —r', r' > —t', s' > —t'} with v = uq on the 
boundary of this domain. This essentially describes a simple PDE with a time evolving boundary. 
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